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GENERALIZED BELL STATES AND PRINCIPAL REALIZATION
OF THE YANGIAN Y (slN)
MING LIU, CHENGMING BAI, MO-LIN GE, NAIHUAN JING∗
Abstract. We prove that the action of the Yangian algebra Y (slN ) is better de-
scribed by the principal generators on the tensor product of the fundamental rep-
resentation and its dual. The generalized Bell states or maximally entangled states
are permuted by the principal generators in a dramatically simple manner on the
tensor product. Under the Yangian symmetry the new quantum number J2 is
also explicitly computed, which gives an explanation for these maximally entangled
states.
1. Introduction
Let Y (slN) be the Yangian algebra associated to the simple Lie algebra slN . The
algebra was first introduced by Drinfeld in his study of rational Yang-Baxter equation.
Drinfeld’s main idea [7, 8, 9] was that the Yangian algebra has a noncommutative
and noncocommutative Hopf algebra structure and that the finite dimensional repre-
sentations of Y (slN) are parametrized by Drinfeld polynomials. The structure of the
Yangian algebra is governed by two sets of generators: the usual Lie algebra genera-
tors x and the associated Yangian generators J(x) [7] . In general the action of the
Yangian generators J(x) is quite complicated compared with the Serre generators. A
natural question is finding a suitable formula for J(x) or representing them in a nice
representation.
On the other hand, entangled states play important roles in quantum computation
and quantum information [4, 5, 11, 12, 14]. It is known that the SU(N) entangled
states with the maximal degree of entanglement constitute a special basis of the
tensor representation of the fundamental representation and its dual representation
[14]. In [1, 10] it was observed that these entangled states constitute a “natural”
basis for the action of the Yangian algebra Y (sl3). Under the natural basis of the
entangled states with the maximal degree of entanglement, the action of a special set
of generators, namely the principal generators, of the Yangian algebra Y (sl3) becomes
extraordinarily simple, and behave much like vacuum states or extremal states.
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Naively speaking, the Cartan-Weyl basis elements for the general linear Lie algebra
glN are the unit matrices while the principal basis elements are Toeplitz matrices,
which are diagonal-constant. The principal generators can also be viewed as certain
discrete Fourier transform of the Cartan-Weyl basis elements [1, 13]. In the case of
N = 3, the principle generators (such as the J-parts) of Y (sl3) behave much like
shift operators permuting different entangled states, whereas obviously the Cartan-
Weyl basis does not enjoy this property. By using the explicit form in the example a
conjecture was made in [10] for the general case of Y (slN). The conjecture not only
reveals the general rule for the action but provides a practical way to understand the
action of the Yangian algebras in connection with quantum computation.
In this paper we will prove this conjecture in complete generality by using the
newly discovered principal generators of the Yangian algebra [1, 13]. Moreover we
also generalize the notion of the quantum number J2 and compute its action on the
tensor product for Y (slN). The quantum number J
2 was first introduced in [2] for
Y (sl2) and played an important role in study of the spectrum of hydrogen atom and
other models ([3, 17]), where it was shown that the quantum number J2 seems to
provide another invariant in addition to usual Casimir operator I2. By a similar
discussion as in [10], the quantum number may serve to describe the maximal degree
of entanglement with special choice of parameters.
The paper is organized as follows. First in section two we recall the principal gen-
erators for type A. In section three we first recall the Drinfeld’s realization of Yangian
and its Hopf algebra structure in subsection 3.1, then in subsection 3.2 we give the
action of Y (slN ) on the tensor representation of the fundamental representation and
its dual representation, which is our main result. At last in subsection 3.3, we give
the action of J2 explicitly.
2. Principal realization of Yangian algebra Y (glN)
We first recall the principal realization for Y (glN) given in [1]. The new basis
elements are coefficients of the discrete Fourier transform of certain Toeplitz sequences
associated with the abelian group ZN [13].
2.1. The Yangian algebra associated to glN . Fix a natural number N . Let
g = glN be the general linear Lie algebra.
Definition 2.1. The Yangian algebra Y (glN) is an unital associative algebra with
generators t
(r)
ij (i, j ∈ {1, 2, . . . , N}, r ∈ N) subject to the relations:
[t
(r+1)
ij , t
(s)
kl ]− [t
(r)
ij , t
(s+1)
kl ] = t
(r)
kj t
(s)
il − t
(s)
kj t
(r)
il ,(2.1)
where t
(0)
ij = δij
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The general linear Lie algebra glN is a subalgebra of Y (glN): as taking r = 0, s = 1,
we see that t
(1)
ij are just like the unit matrix elements Eij :
(2.2) [t
(1)
ij , t
(1)
kl ] = δkjt
(1)
ij − δilt
(1)
kj .
In the standard triangular decomposition of glN , the unit matrices Eij consist of the
Cartan-Weyl basis. The principal basis comes from another root space decomposition
given by Toeplitz matrices. Let
E =
∑
i∈ZN
Ei,i+1
be the standard Toeplitz matrix. The principal Cartan subalgebra is spanned by the
centralizer C(E), and the principal root generators are
(2.3) Aij =
∑
k∈ZN
ωkiEk,k+j,
where i, j ∈ ZN , ω = e
i2pi
N . Under the standard bilinear form (x|y) = tr(xy), the
principal basis {Aij} is dual to {
ωij
N
A−i,−j}. This also follows from the algebraic
properties:
AijAkl = ω
jkAi+k,j+l.
Let us define matrix-valued sequences indexed by ZN . Fix j ∈ ZN , the Toeplitz
sequence {ǫj} is defined by ǫj(k) = Ek,k+j, where k is the index variable. Then the
principal basis elements Aij can be written as the discrete Fourier transform:
Aij = F({ǫj})(i) =
∑
k∈ZN
ωkiEk,k+j.
Therefore the usual Cartan-Weyl basis is simply given by the inverse Fourier trans-
form (see [13]):
(2.4) Ek,k+j = ǫj(k) =
1
N
N−1∑
l=0
ω−klAlj .
To introduce the principal basis for the Yangian Y (glN ), we recall its matrix for-
mulation via Yang-Baxter R-matrix [15, 16]. Let u be a formal variable and let
R(u) = 1−
P
u
∈ End(CN)⊗ End(CN)[[u−1]],(2.5)
where P is the permutation matrix: P (u⊗ v) = v⊗ u for any u, v ∈ CN . The matrix
R(u) satisfies the quantum Yang-Baxter equation:
R12(u)R13(u+ v)R23(v) = R23(v)R13(u+ v)R12(u).
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Set
T (u) =
∑
i,j
tij(u)⊗ Eij ∈ Y (glN )[[u
−1]]⊗ End(CN),
where
tij(u) = δij +
∞∑
k=1
t
(k)
ij u
−k ∈ Y (glN)[[u
−1]].
It is well-known that the defining relations of Yangian can be written compactly as
(cf. [15])
R(u− v)T1(u)T2(v) = T2(v)T1(u)R(u− v),
and the coproduct is given by
△(T ) = T ⊗ T.
2.2. The principal realization of Y (glN). For i, j ∈ ZN , let sij(u) be the generat-
ing series of the principal generators [1]:
sij(u) =
∞∑
n=0
s
(n)
ij u
−n,
where s
(0)
ij = δi,0δj,0. Then
(2.6) sij(u) =
∑
k∈ZN
ω−ki
N
tk,j+k(u).
This is in fact the inverse of the Fourier transform of the finite sequence {tk,k+j(u)},
where the variable k ∈ ZN . That is, the formula (2.6) can be rewritten as [13]
sij = F
−1({tk,k+j(u)})(i).
Rewriting the T-matrix T (u) by using the principal basis of glN and sij(u) as follows
T (u) =
∑
k,l∈ZN
skl(u)⊗ Akl,
we obtain the principal realization of Y (glN ) as follows.
The principal generators also satisfy some quadratic matrix equations.
Theorem 2.2. [13] The principal generators s
(k)
ij of Yangian Y (glN) satisfy the fol-
lowing relations:
(u− v)[sij(u), skl(v)] =
1
N
∑
a,b
ω−ab(sk+a,j+b(u)si−a,j−b(v)− sk+a,j+b(v)si−a,j−b(u)),
where a, b run through the group ZN .
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It is not hard to prove that these relations are defining relations of the principal
generators. In fact the defining relations given in [1] are consequences of Theorem
2.2.
3. Representations of the Yangian Y (slN)
In this section, we will show that the principal basis of slN takes a simple form in
certain representation of Yangian Y (slN ) in association with the study of entangled
states in quantum information.
3.1. Drinfeld’s definition for Yangian. To study representations of the Yangian
Y (slN), we need Drinfeld’s definition of Yangian and its Hopf structure.
Definition 3.1. (Drinfeld) Let g be a finite dimensional simple Lie algebra equipped
with a non-degenerate invariant bilinear form (, ), and let {Iλ} be an orthonormal basis
with respect to ( , ). The Yangian algebra Y (g) associated with g is an associative
algebra generated by elements x, J(x), for x ∈ g, with the following defining relations:
(3.1) [x, y] (in Y (g)) = [x, y] (in g),
(3.2) J(ax+ by) = aJ(x) + bJ(y),
(3.3) [x, J(y)] = J([x, y]),
(3.4)
[J(x), J([y, z])] + [J(z), J([x, y])] + [J(y), J([z, x])] =∑
λ,µ,ν
([x, xλ], [[y, xµ], [z, xν ]]){xλ, xµ, xν},
(3.5)
[[J(x), J(y)], [z, J(w)]] + [[J(z), J(w)], [x, J(y)]] =∑
λ,µ,ν
([x, xλ], [[y, xµ], [[z, w], xν ]]){xλ, xµ, J(xν}),
for all x, y, z, w ∈ g, a, b ∈ C. Here {z1, z2, z3} =
1
24
∑
pi zpi(1)zpi(2)zpi(3) the sum runs
through all permutations π of {1, 2, 3}.
The Hopf structure of Y (g) is given by the coproduct ∆ and the antipode S:
(3.6) ∆(x) = 1⊗ x+ x⊗ 1,
(3.7) ∆(J(x)) = 1⊗ J(x) + J(x)⊗ 1 +
1
2
[x⊗ 1, t],
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(3.8) S(x) = −x, S(J(x)) = J(x) +
1
4
cx,
(3.9) ǫ(x) = ǫ(J(x)) = 0,
where c is the eigenvalue of the Casimir element t ∈ U(g) in the adjoint representation
of g.
From the last section, we know that the principal basis consists of {Aij} and its dual
basis is {ω
ij
N
A−i,−j} under the bilinear form (x, y) = tr(xy). Here (i, j) ∈ Z
2
N \ {0, 0}.
Thus the Casimir element t in slN can be written as follows:
(3.10) t =
∑
(i,j)∈Z2
N
\{0,0}
ωij
N
Aij ⊗A−i,−j ∈ U(slN)
⊗2.
For convenience we slightly modify the principal basis as follows:
(3.11) T
(j)
i = ω
−i+1Ai−1,j−1,
where (i, j) ∈ Z2N\{(1, 1)} as T
(1)
1 = I will be excluded in Y (slN).
Using the modified principal basis of slN , we can write down the coproduct of
J(T
(j)
i ) explicitly.
Lemma 3.2.
(3.12)
∆(J(T
(j)
i )) = (1⊗ J(T
(j)
i ) + J(T
(j)
i )⊗ 1)+
1
2N
∑
(k,l)∈Z2
N
\{0,0}
(ωk(l+j−1) − ωl(k+i−1))T
(l+j)
k+i ⊗ T
(−l+1)
−k+1 .
3.2. The entangled states and Y (slN). In [10, 1] the authors gave Y (sl3) as an
example to show that the principal basis plays an essential role in the representation
of Y (sl3) in close relation with entangled states in quantum information. We prove
that the general case of Y (slN) has the same property as conjectured in [10].
Let λ1 = (1, 0, ...0) be the fundamental weight of the simple Lie algebra slN . The
irreducible representation V (λN−1) with λN−1 = (0, · · · , 0, 1) can be viewed as the
dual representation of V (λ1). Suppose |i〉1 = u1, u2, . . . , uN form a basis of V (λ1), and
let |i〉2 = u
∗
1, u
∗
2, . . . , u
∗
N be the dual basis. Let |i, j〉 = |i〉1⊗|j〉2 (i, j = 1, 2, · · · , N) be
the orthonormal basis in the tensor representation V (λ1)⊗V (λN−1). For convenience,
we choose another basis of V (λ1)⊗ V (λN−1) as follows
(3.13) Ψ
(m)
k =
N∑
r=1
ω(k−1)(r−1)|r,m+ r − 1〉, (k,m = 1, 2...N).
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We remark that the general element in the basis is an entangled state with the max-
imal degree of entanglement [14] in quantum information. There elements are called
generalized Bell states for any N ≥ 3, whereas in the case N = 2, they are exactly
the Bell states.
As a representation of slN , V (λ1)⊗ V (λN−1) is decomposed into irreducible repre-
sentations
V (λ1)⊗ V (λN−1) = Vad ⊕ V0,
where Vad is equivalent to the adjoint representation of slN and V0 is equivalent to the
1-dimensional trivial representation of slN . Clearly {Ψ
(m)
k |(m, k) 6= (1, 1)} is a basis
of Vad and {Ψ
(1)
1 } is a basis of V0.
In general, any finite dimensional irreducible representation of slN can be lifted to
a representation of Y (slN ). It is shown in [6] that for any fundamental representation
V (λi), the action of J(x) is just ax for any x ∈ slN , where a is a constant. So for any
fundamental representation V (λi) of slN and a ∈ C, we can construct a representation
of Y (slN) with the action given by
x 7→ x, J(x) 7→ ax, ∀x ∈ slN
and the resulted Yangian module will be denoted by V (λi, a). When we consider the
action of the Yangian Y (slN ) on the tensor representation V (λ1, a)⊗ V (λN−1, b), we
need the coproduct in Y (slN). Since an explicit expression of coproduct for Drinfeld’s
new realization ([8]) is extremely difficult, we try to use the modified principal gen-
erators T
(j)
i , J(T
(j)
i ) where i, j = 1, · · · , N and (i, j) 6= (1, 1). Then we get our main
result as follows.
Theorem 3.3. The action of Y (slN) on the tensor representation V (λ1, a)⊗V (λN−1, b)
can be expressed in the action of the principal basis J(T
(j)
i ) on the maximally entan-
gled states Ψ
(m)
k (k,m = 1, 2, · · · , N) in a simple way. The explicit action is given by
the following equation:
J(T
(j)
i )Ψ
(m)
k = [aω
(j−1)(k−1) − bω(i−1)(m−1)
+
N
2
(δi+k,2δj+m,2 − δk,1δm,1)ω
(j−1)(k−1)]Ψ
(m+j−1)
k+i−1 ,(3.14)
for any i, j, k,m = 1, · · · , N, (i, j) 6= (1, 1).
Remark 3.4. The above result was first conjectured in [10] in a slightly different
form. Our formula (3.14) is in fact an equivalent expression.
Remark 3.5. The actions of J-parts of Y (slN) in terms of principal generators behave
much like shift operators permuting maximally entangled states or the generalized Bell
states, whereas the actions of the Lie algebra slN do not enjoy this property. This
means that the Yangian actions single out the maximally entangled states. We do
not know yet the meaning of the spectral parameter in quantum computation.
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Before we prove the theorem we need the following lemmas.
Lemma 3.6. On the slN -modules V (λ1) and V (λN−1), we have
T
(j)
i |m〉1 = ω
(i−1)(m−j)|m− j + 1〉1,
T
(j)
i |m〉2 = −ω
(i−1)(m−1)|m+ j − 1〉2.
Proof. From Eq. (2.3), we have
T
(j)
i =
∑
k
ω(i−1)(k−1)Ek,k+j−1.
So on V (λ1), T
(j)
i acts on the basis elements |m〉1 of V (λ1) as follows.
T
(j)
i |m〉1 =
∑
k
ω(i−1)(k−1)Ek,k+j−1|m〉1
=
∑
k
ω(i−1)(k−1)δk,m−j+1|k〉1 = ω
(i−1)(m−j)|m− j + 1〉1.
Since V (λN−1) can be viewed as the dual representation of V (λ1), we can derive the
action of T
(j)
i on the basis elements |m〉2 similarly. 
Lemma 3.7. In the representation V (λ1, a)⊗ V (λN−1, b) of Y (slN), we have
(3.15) (J(T
(j)
i )⊗ 1)Ψ
(m)
k = aω
(j−1)(k−1)Ψ
(m+j−1)
k+i−1 ,
(3.16) (1⊗ J(T
(j)
i ))Ψ
(m)
k = −bω
(m−1)(i−1)Ψ
(m+j−1)
k+i−1 .
Proof. These two formulae are proved in exactly the same way, so we only give the
first one. On the tensor product V (λ1, a)⊗ V (λN−1, b) we have
(J(T
(j)
i )⊗ 1)Ψ
(m)
k =
N∑
r=1
ω(k−1)(r−1)J(T
(j)
i )|r〉1 ⊗ |m+ r − 1〉2.
Using Lemma 3.6 we can get
(3.17) (J(T
(j)
i )⊗ 1)Ψ
(m)
k = a
N∑
r=1
ω(k−1)(r−1)+(i−1)(r−j)|r − j + 1〉1 ⊗ |m+ r − 1〉2.
The right hand side of Eq. (3.17) is equal to
aω(k−1)(j−1)
N∑
r=1
ω(k+i−2)(r−1)|r〉1 ⊗ |m+ j + r − 2〉2,
which is just aω(j−1)(k−1)Ψ
(m+j−1)
k+i−1 . 
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Lemma 3.8.
1
2N
∑
(k′,l′)∈Z2
N
\{0,0}
(ωk
′(l′+j−1) − ωl
′(k′+i−1))(T
(l′+j)
k′+i ⊗ T
(−l′+1)
−k′+1 )Ψ
(m)
k
=
N
2
ω(j−1)(k−1)(δi+k−1,1δj+m−1,1 − δk,1δm,1)Ψ
(m+j−1)
k+i−1
Proof. Using Eq. (3.13), we obtain the following equation:
(3.18) (T
(l′+j)
k′+i ⊗ T
(−l′+1)
−k′+1 )Ψ
(m)
k =
N∑
r=1
ω(k−1)(r−1)T
(l′+j)
k′+i |r〉1 ⊗ T
(−l′+1)
−k′+1 )|m+ r − 1〉2.
By Lemma 3.6 we see that the right hand side of Eq. (3.18) is equal to
−ω(k−k
′−1)(j+l′−1)−k′(m−1)
N∑
r=1
ω(i+k−2)(r−1)|r, r +m+ j − 2〉,
and this is −ω(k−k
′−1)(j+l′−1)−k′(m−1)Φ
(m+j−1)
i+k−1 . So we get the following equation:
(3.19) ωk
′(l′+j−1)T
(l′+j)
k′+i ⊗ T
(−l′+1)
−k′+1 )Ψ
(m)
k = −ω
(k−1)(j−1) · ω(k−1)l
′+(1−m)k′Ψ
(m+j−1)
i+k−1 ,
(3.20) ωl
′(k′+i−1)T
(l′+j)
k′+i ⊗ T
(−l′+1)
−k′+1 )Ψ
(m)
k = −ω
(k−1)(j−1) · ω(k+i−2)l
′+(m+j−2)k′Ψ
(m+j−1)
i+k−1 .
Then we have ∑
(k′,l′)∈Z2
N
\{0,0}
ωk
′(l′+j−1)(T
(l′+j)
k′+i ⊗ T
(−l′+1)
−k′+1 )Ψ
(m)
k
= −ω(k−1)(j−1)
∑
(k′,l′)∈Z2
N
\{0,0}
ω(k−1)l
′+(1−m)k′Ψ
(m+j−1)
i+k−1
= −ω(k−1)(j−1)(
∑
(k′,l′)∈Z2
N
ω(k−1)l
′+(1−m)k′ − 1)Ψ
(m+j−1)
i+k−1
= −ω(k−1)(j−1)(N2δk,1δm,1 − 1)Ψ
(m+j−1)
i+k−1 ,
and ∑
(k′,l′)∈Z2
N
\{0,0}
ωl
′(k′+i−1)(T
(l′+j)
k′+i ⊗ T
(−l′+1)
−k′+1 )Ψ
(m)
k
= −ω(k−1)(j−1)
∑
(k′,l′)∈Z2
N
\{0,0}
ω(k+i−2)l
′+(m+j−2)k′Ψ
(m+j−1)
i+k−1
= −ω(k−1)(j−1)(
∑
(k′,l′)∈Z2
N
ω(k+i−2)l
′+(m+j−2)k′ − 1)Ψ
(m+j−1)
i+k−1
= −ω(k−1)(j−1)(N2δk+i−1,1δm+j−1,1 − 1)Ψ
(m+j−1)
i+k−1 .
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The lemma then follows immediately. 
Proof of Theorem 3.3. It is an easy consequence of Eq. (3.12), Lemma 3.7 and Lemma
3.8. 
Remark 3.9. In the language of quantum computation the basis elements in the
tensor product are special states with maximal entanglement. A pure entangled state
can not be factored as a tensor product of two pure states in individual factor. It is
known that they play critical role in quantum computation. In our case the maxi-
mal entangled states are generalized Bell states. We have shown that the principal
generators of the Yangian algebra act transitively on the Bell states which means
that Yangian symmetry singles out the maximally entangled states in this case in a
canonical way in terms of Hopf algebra structure and the principal generators.
From Theorem 3.3, it is easy to get the following “subrepresentation theory” (cf.
[6]).
Corollary 3.10. With the notations as above, let W = V (λ1, a) ⊗ V (λN−1, b). If
|a−b| 6= N
2
, then W is an irreducible representation of the Yangian Y (slN). Otherwise,
W has an unique proper Y (slN )-subrepresentation V given as follows.
(1) If a− b = N
2
, then we have V ∼= V0 and W/V ∼= Vad as vector spaces.
(2) If a− b = −N
2
, then we have V ∼= Vad and W/V ∼= V0 as vector spaces.
3.3. The quantum number J2 and the maximal degree of entanglement. The
Casimir operators of Lie algebras provide quantum numbers in quantum mechanics.
The analogues of Casimir operators J2 for the J-parts of Yangians also provide a
new kind of quantum numbers. The quantum number J2 was introduced in [2] for
Y (sl2) in the study of the spectrum of hydrogen atom. It was extensively studied and
applied in several models such as few-body systems [3], molecule {V 6} and four-spin
Heisenberg chain [17]. Most studies of J2 have only been focused on Y (sl2) for the
spin-chain. It is now natural to generalize the concept to the general case of Y (slN ).
Based on Theorem 3.3 we will give an explicit formula of J2. The new quantum
number J2 is expected to be useful in further development.
First we recall some notations. Since Lie algebras describe the angular momentums
I, we use the physical notation I2 to denote the Casimir operator. In the case slN with
the principal basis {Aij} and its dual basis {
ωij
N
A−i,−j}, we see that (cf. Eq. (3.10))
(3.21) I2 =
∑
(i,j)∈Z2
N
\{0,0}
ωij
N
AijA−i,−j ∈ U(slN).
Correspondingly, we introduce a new operator for the Yangian Y (slN) as follows.
(3.22) J2 =
∑
(i,j)∈Z2
N
\{0,0}
ωij
N
J(Aij)J(A−i,−j) ∈ Y (slN).
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Remark 3.11. Similar to the fact that the Casimir element (or I2) is independent
from the choice of the bases, we have that J2 is independent from the choice of dual
bases.
Lemma 3.12. The quantum number J2 satisfies the following commutation relations.
[I2,J2] = [J2, Aii] = [I
2, Aii] = 0 ∈ Y (slN ), i = 1, · · · , N − 1.
Proof. Since all identities are shown similarly, we only give the proof for [J2, Aii] = 0.
For a fixed m we have
Amm
ωij
N
J(Aij)J(A−i,−j) =
ωij
N
(J(Aij)AmmJ(A−i,−j) + [Amm, J(Aij)]J(A−i,−j))
=
ωij
N
(J(AijJ(A−i,−j)Amm + J(Aij)[Amm, J(A−i,−j)]
+[Amm, J(Aij)]J(A−i,−j)).
Consequently it follows that
[Amm,J
2] =
∑
(i,j)∈Z2
N
\{0,0}
ωij
N
(J(Aij)J([Amm, J(A−i,−j)]) + J([Amm, Aij])J(A−i,−j))
=
∑
(i,j)∈Z2
N
\{0,0}
ωij
N
[(ωim − ωjm)J(Am+i,m+j)J(A−i,−j)
+(ω−im − ω−jm)J(Aij)J(Am−i,m−j)]
=
∑
(i,j)∈Z2
N
\{0,0}
ωij
N
(ωim − ωjm)J(Am+i,m+j)J(A−i,−j)
+
∑
(i,j)∈Z2
N
\{0,0}
ω(i+m)(j+m)
N
(ω−(i+m)m − ω−(j+m)m)J(Am+i,m+j)J(A−i,−j)
= 0.

Remark 3.13. The above result was proved for Y (sl2) in [2, 3]. Note that {Aii|i =
1, · · · , N − 1} is a basis of the Cartan subalgebra of Y (slN). It is known that degen-
erate eigenstates under the conservation usually make things complicated. We can
take {I2,J2, Aii, i = 1, · · ·N − 1} as a generalized conserved set for studying physical
models. This will help differentiate degenerate states. For example, in the 3 spin-1/2
system under the action of sl2, there are two degenerate states of total spin 1/2 with
respect to {I2, A11}. By considering the new quantum number J
2, these degenerate
states become non-degenerate [3]. This shows that J2 can distinguish eigenstates that
appear degenerate under the usual conserved set.
The following conclusion is a direct consequence of Lemma 3.12.
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Proposition 3.14. The quantum number J2 acts on Vad or V0 as a scalar multipli-
cation explicitly as follows.
(3.23) J2 ·Ψ
(m)
k =
{
( (N
2−1)(a2+b2)
N
− N(N
2−1)
4
− 2ab(N
2−1)
N
)Ψ
(m)
k , (k,m)=(1,1);
( (N
2−1)(a2+b2)
N
− N
4
+ 2ab
N
)Ψ
(m)
k , (k,m) 6=(1,1).
Proof. In Eqs. (2.3) and (3.11) we have seen that T
(j)
i and
ω(i−1)(j−1)
N
T
(−j+2)
−i+2 are dual
base of slN ((i, j) 6= (1, 1)). Thus,
(3.24) J2 =
∑
(i,j)6=(1,1)
ω(i−1)(j−1)
N
J(T
(j)
i )J(T
(−j+2)
−i+2 ).
It follows from Theorem 3.3 that
J(T
(−j+2)
−i+2 )Ψ
(m)
k
= [(a+
N
2
(δi,kδj,m − δk,1δm,1))ω
(−j+1)(k−1) − bω(−i+1)(m−1)]Ψ
(m−j+1)
k−i+1 ,(3.25)
J(T
(j)
i )Ψ
(m−j+1)
k−i+1
= [(a+
N
2
(δk,1δm,1 − δk,iδm,j))ω
(j−1)(k−i) − bω(i−1)(m−j)]Ψ
(m)
k .(3.26)
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Using Eqs. (3.25) and (3.26) we have
ω(i−1)(j−1)J(T
(j)
i )J(T
(−j+2)
−i+2 )Ψ
(m)
k = ω
(i−1)(j−1)×
[(a+
N
2
(δi,kδj,m − δk,1δm,1))ω
(−j+1)(k−1) − bω(−i+1)(m−1)]×
[(a+
N
2
(δk,1δm,1 − δk,iδm,j))ω
(j−1)(k−i) − bω(i−1)(m−j)]Ψ
(m)
k
= [(a+
N
2
(δi,kδj,m − δk,1δm,1))ω
(j−1)(i−k) − bω(i−1)(j−m)]×
[(a+
N
2
(δk,1δm,1 − δk,iδm,j))ω
(j−1)(k−i) − bω(i−1)(m−j)]Ψ
(m)
k
= [(a2 −
N2
4
(δi,kδj,m − δk,1δm,1)
2)Ψ
(m)
k + b
2Ψ
(m)
k
+ (−ab+
bN
2
(δi,kδj,m − δk,1δm,1))ω
(j−1)(k−1)−(i−1)(m−1)Ψ
(m)
k
+ (−ab−
bN
2
(δi,kδj,m − δk,1δm,1))ω
(i−1)(m−1)−(j−1)(k−1)Ψ
(m)
k
= (a2 + b2)Ψ
(m)
k −
N2
4
(δi,kδj,m − δk,1δm,1)
2Ψ
(m)
k
− ab(ω(j−1)(k−1)−(i−1)(m−1) + ω(i−1)(m−1)−(j−1)(k−1))Ψ
(m)
k
+
bN
2
(δi,kδj,m − δk,1δm,1)ω
(j−1)(k−1)−(i−1)(m−1)Ψ
(m)
k
−
bN
2
(δi,kδj,m − δk,1δm,1)ω
(i−1)(m−1)−(j−1)(k−1)Ψ
(m)
k
where we have used
N∑
i=1
ωik = 0 for any k. This completes the proof of Eq. (3.23). 
Corollary 3.15. The the action of J2 on V (λ1, a)⊗ V (λN−1, b) is a scalar multipli-
cation if and only if ab = −N
2+2
8
.
Proof. It follows immediately from the following identity:
(N2 − 1)(a2 + b2)
N
−
N(N2 − 1)
4
−
2ab(N2 − 1)
N
=
(N2 − 1)(a2 + b2)
N
−
N
4
+
2ab
N
.

Remark 3.16. If ab = −N
2+2
8
, then all N2 states Ψ
(m)
k share the same eigenvalue
ρ =
(N2 − 1)(a2 + b2)
N
−
N
2
+
1
2N
of J2, that is, J2Ψ
(m)
k = ρΨ
(m)
k for any k,m = 1, · · · , N . Since Ψ
(m)
k are of maximal
degree of entanglement and all the wave functions share the same eigenvalue, one can
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imagine that the quantum number J2 selects the maximal degree of entanglement. It
coincides with the similar phenomenon for the cases N = 2, 3 [10].
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